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1 INTRODUCTION 
Masonry is a heterogeneous material that consists of units and joints. Units are such as bricks, 
blocks, ashlars, adobes, irregular stones and others. Mortar can be clay, bitumen, chalk, 
lime/cement based mortar, glue or other. The huge number of possible combinations generated 
by the geometry, nature and arrangement of units as well as the characteristics of mortars raises 
doubts about the accuracy of the term “masonry”. Still, much information can be gained from 
the study of regular masonry structures, in which a periodic repetition of the microstructure oc-
curs due to a constant arrangement of the units (or constant bond). 
 The difficulties in performing advanced testing of this type of structures are quite large due to 
the innumerable variations of masonry, the large scatter of in situ material properties and the 
impossibility of reproducing it all in a specimen. Therefore, most of the advanced experimental 
research carried out in the last decades concentrated in brick / block masonry and its relevance 
for design. Accurate modelling requires a comprehensive experimental description of the mate-
rial, which seems mostly available at the present state of knowledge, see e.g. CUR (1997) and 
Lourenço (1998) for a review.  
The global field of structural analysis of masonry structures encompasses several different 
approaches and a comprehensive review is given in Lourenço (2002). The present paper fo-
cuses exclusively on the analysis of masonry structures making use of homogenisation tech-
niques. This is an item that has received a growing interest from the scientific committee, being 
rooted in a very strong community, mostly oriented to composites and, more recently, to prob-
lems involving micro-scale phenomena. As an example, on July 17, 2006, 10,199 articles could 
be found in the Web of Science® regarding homogenisation. This compares to only 1,807 arti-
cles about masonry. From these, 80 papers (3.3%) address the issue of masonry homogenisa-
tion, which is a relevant number taking into account that the subject is relatively new in the ma-
sonry community. 
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ABSTRACT: Modern methodologies for the conservation of architectural heritage require 
structural analysis for the purpose of diagnosis and safety evaluation. This is not an easy task, as 
masonry structures usually feature a very low tensile strength, thus rendering the tool usually 
adopted for design of new structures (linear elastic analysis) of very limited use. Non-linear 
analysis of ancient masonry structures is a popular field in masonry research and homogenisa-
tion techniques play presently a major role, despite the mathematical and conceptual difficulties 
inherent to the approach. The paper addresses different homogenisation techniques available in 
the literature, with a focus on micro-mechanical models and on the polynomial expansion of the 
stress field. These seem promising and accurate strategies for advanced structural analysis.  
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2 ON THE MODELLING MASONRY STRUCTURES 
In general, the approach towards the numerical representation of masonry can focus on the mi-
cro-modelling of the individual components, viz. unit (brick, block, etc.) and mortar, or the 
macro-modelling of masonry as a composite, Rots (1991). Depending on the level of accuracy 
and the simplicity desired, it is possible to use the following modelling strategies, see Fig. 1: 
− Detailed micro-modelling - units and mortar in the joints are represented by continuum ele-
ments whereas the unit-mortar interface is represented by discontinuum elements; 
− Simplified micro-modelling - expanded units are represented by continuum elements 
whereas the behaviour of the mortar joints and unit-mortar interface is lumped in discon-
tinuum elements; 
− Macro-modelling - units, mortar and unit-mortar interface are smeared out in a homogeneous 
continuum. 
 
 Mortar Unit Interface 
Unit/Mortar
“Unit”
“Joint” Composite 
 
                         (a)                                                     (b)                                                     (c) 
Figure 1 : Modelling strategies for masonry structures: (a) detailed micro-modelling; (b) simplified mi-
cro-modelling; (c) macro-modelling. 
 
In the first approach, Young's modulus, Poisson's ratio and, optionally, inelastic properties of 
both unit and mortar are taken into account. The interface represents a potential crack/slip plane 
with initial dummy stiffness to avoid interpenetration of the continuum. This enables the com-
bined action of unit, mortar and interface to be studied under a magnifying glass. In the second 
approach, each joint, consisting of mortar and the two unit-mortar interfaces, is lumped into an 
average interface while the units are expanded in order to keep the geometry unchanged. Ma-
sonry is thus considered as a set of elastic blocks bonded by potential fracture/slip lines at the 
joints. Accuracy is lost since Poisson's effect of the mortar is not included. The third approach 
does not make a distinction between individual units and joints but treats masonry as a homoge-
neous anisotropic continuum. One modelling strategy cannot be preferred over the other be-
cause different application fields exist for micro- and macro-models. In particular, micro-
modelling studies are necessary to give a better understanding about the local behaviour of ma-
sonry structures.  
It is noted that different levels of sophistication can also be adopted to create structural mod-
els, namely structural component models or continuum structural models (macro-modelling ap-
proaches) and discontinuum structural models (a micro-modelling approach). Difficulties of 
conceiving and implementing macro-models for the analysis of masonry structures arise espe-
cially due to the intrinsic complexity of formulating anisotropic inelastic behaviour. Only a re-
duced number of authors tried to develop specific models for the analysis of masonry structures, 
e.g. Dhanasekar et al. (1985), Lourenço et al. (1998), Berto et al. (2002), using different inelas-
tic criteria for tension and compression. Therefore, the homogenisation techniques shown in 
Fig. 2, which permit to establish constitutive relations in terms of averaged stresses and strains 
from the geometry and constitutive relations of the individual components, can represent a step 
forward in masonry modelling, mostly because of the possibility to use standard material mod-
els and software codes for isotropic materials.  
The most popular homogenisation approach replaces the complex geometry of the basic cell 
by a simplified geometry so that a close-form solution of the homogenisation problem is possi-
ble, e.g. Pande et al. (1989) and Maier et al. (1991). The homogenisation has generally been 
performed in two steps, head (or vertical) and bed (or horizontal) joints being introduced suc-
cessively. The use of two separate homogenisation steps does not explicitly account for the 
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regular offset of vertical mortar joints belonging to two consecutive layered unit courses, which 
results in significant errors in the case of non-linear analysis. 
 
Figure 2 : Basic cell for masonry and homogenisation process. 
 
Many other approaches involving different approximations and ingenious assumptions have 
been sought, with an increasing large number of papers in the recent years, e.g. Pietruszczak and 
Niu (1992), where a two-stage homogenization procedure was employed with the head joints 
considered as uniformly dispersed elastic inclusions and the bed joints assumed to represent a 
set of continuous weakness, or Gambarotta and Lagomarsino (1997), Massart et al. (2004), Po-
destà (2005), Calderini and Lagomarsino (2006), where simplified non-linear homogenisation 
techniques were used. 
To overcome most of the approximation addressed above, micromechanical homogenisation 
approaches that consider additional internal deformation mechanisms have been derived, inde-
pendently, by van der Pluijm (1999), Lopez et al. (1999) and Zucchini and Lourenço (2002). 
Another powerful approach is based on the polynomial expansion of the stress field inside the 
R.V.E., see e.g. Milani et al. (2006a). These two approaches are further reviewed in this paper. 
3 A MICROMECHANICAL HOMOGENISATION APPROACH 
3.1 Descriptive analysis of masonry 
As a consequence of the differences in stiffness between units and mortar, a complex interaction 
between the two masonry components occurs when masonry is deformed. The differences in 
stiffness cause a unequal distribution of deformations over units and mortar, compared with the 
average deformation of masonry composite. As a result the individual (internal) stresses of units 
and mortar deviate from the average (external) stresses of the composite. 
For the purpose of understanding the internal deformational behaviour of masonry compo-
nents (units and mortar), when average deformations occur on the boundaries of the basic cell, 
detailed finite element calculations have been carried out for different loading conditions. For a 
clear discussion of the internal distribution of stresses, a right-oriented x-y-z coordinate system 
was defined, where the x-axis is the parallel to the bed joints, the y-axis is parallel to the head 
joints and the z-axis is normal to the masonry plane, see Fig. 3.  This figure also shows the com-
ponents considered in the approach. 
A finite element calculation of the R.V.E. under homogeneous deformation was made for the 
purpose of validation. The mesh used in the analyses consists of 24 × 4 × 12 twenty-noded 
quadratic 3-D elements with reduced integration. The unit dimensions are 210 × 100 × 52 mm3 
and the mortar thickness is 10 mm. The assumption that the units are stiffer than the joints is 
usually made by the masonry research community. In the present analysis, in order to better un-
derstand the deformational behaviour of the mortar, the units are considered infinitely stiff (for 
this purpose, the adopted ratio between unit and mortar stiffness was 1000). Fig. 4 illustrates the 
deformation corresponding to the analysis of the basic cell under compression along the axis x, 
and under shear in the planes xy, xz and yz. Loading is applied with adequate tying of the nodes 
in the boundaries, making use of the symmetry and antisymmetry conditions appropriate to each 
load case. Therefore, the resulting loading might not be associated with uniform stress condi-
tions or uniform strain conditions. Linear elastic behaviour is assumed in all cases. 
  
Basic cell (R.V.E.)  Homogenised 
continuum  
Homogenisation  
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Figure 3 : Definition of masonry axes and masonry components considered in the adopted formulation: 
Unit, head joint, bed joint and cross joint. 
 
Fig. 4a demonstrates that, for compression along the x-axis, the unit and the bed joint are 
mostly subjected to normal stresses, the bed joint is strongly distorted in shear and the cross 
joint is subjected to a mixed  shear / normal stress action. While the cross joint effect can be ne-
glected if the cross joint is small compared to the basic cell, the shear of the bed joint must be 
included in the micro-mechanical model of masonry for stiff units. 
Fig. 4b demonstrates that, for xy shear, the unit and the head joint are mostly subjected to 
shear stresses, the bed joint is strongly distorted in the normal direction (tension) and the cross 
joint is subjected to a mixed  shear / normal stress. Due to antisymmetric conditions, the 
neighbouring basic cells will feature normal compression in the bed joint. While the cross joint 
effect can be neglected if the cross joint is small compared to the basic cell, the normal stress of 
the bed joint must be included in the micro-mechanical model. 
The deformation of the basic cell under xz shear is shown in Fig. 4c. The cell components are 
mostly subjected to shear stresses, with unit and head joint deformed in the horizontal plane, 
while the bed joint is distorted also in the vertical plane.  Therefore the shear stress cannot be 
neglected in a micro-mechanical model. Finally, the deformation of the basic cell under yz shear 
is shown in Fig. 4d. All cell components are mainly distorted by shear in the vertical plane, 
while minor local stress components do not produce significant overall effects. 
 
           
                                 (a)                                                                                (b) 
         
                                          (c)                                                                             (d) 
Figure 4 : Deformed configuration resulting from the finite element analysis on the basic cell: (a) com-
pression x, (b) shear xy, (c) shear xz and (d) shear yz. 
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3.2 Formulation of the model 
Zucchini and Lourenço (2002) have shown that the elastic mechanical properties of an 
orthotropic material equivalent to a basic masonry cell can be derived from a suitable microme-
chanical model with appropriate deformation mechanisms, which take into account the stag-
gered alignment of the units in a masonry wall. The unknown internal stresses and strains can be 
found from equilibrium equations at the interfaces between the basic cell components, from a 
few ingenuous assumptions on the kinematics of the basic cell deformation and by forcing the 
macro-deformations of the model and of the homogeneous material to contain the same strain 
energy.  This homogenisation model has already been extended with good results to non-linear 
problems in the case of a masonry cell failure under tensile loading parallel to the bed joint and 
under compressive loading, Zucchini and Lourenço (2004, 2006). 
The simulation has been accomplished by coupling the elastic micro-mechanical model with 
a damage model for joints and units by means of an iterative solution procedure to calculate the 
damage coefficients. A simple isotropic damage model with only one single parameter has been 
utilized, because the discrete internal structure of the cell, and implicitly its global anisotropic 
behaviour, is taken into account by the three-dimensional micromechanical model. The geome-
try for the basic masonry cell and its components is shown in Fig. 5, where it can be seen that 
the complex geometry is replaced by four components, namely unit, bed joint, head joint and 
cross joint. 
When the basic cell is loaded only with normal stresses, the micromechanical model of Zuc-
chini and Lourenço (2002) assumes that all shear stresses and strains inside the basic cell can be 
neglected, except the in-plane shear stress and strain (σxy and εxy) in the bed joint and in the unit. 
The non-zero stresses and strains in the bed joint, head joint and unit are assumed to be con-
stant, with the exception of the normal stress σxx in the unit, which is a linear function of x and 
accounts for the effect of the shear σxy in the bed joint, and with the exception of the shear stress σxy in the unit, which is linear in y. The coupling of this model with non-linear constitutive 
models, leads to an iterative algorithm, in which at each cycle a system of equilibrium equations 
is solved to obtain the unknown effective stresses and strains. 
The governing linear system of 20 equilibrium equations in the unknown internal stresses and 
strains of the masonry cell, to be solved at each iteration, can be rewritten for a strain driven 
compression in y, as: 
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Figure 5 : Adopted geometry symbols. 
 
As shown in Fig. 5, l is half of the unit length, h is half of the unit height and t is half of the 
bed joint width. Here also, E is the Young modulus, G is the shear modulus, ν is the Poisson co-
efficient, εij is the strain component and σij is the stress component. Unit, bed joint, head joint 
and cross joint variables are indicated throughout this paper, respectively by the superscripts b, 
1, 2 and 3, according to Fig. 5. bxxσ  and bxxε are the mean value of the (non-constant) normal 
stress  xxσ and of the (non-constant) normal strain xxε  in the unit, respectively. 0yyε  is the uni-
form normal (macro) strain, perpendicular to the bed joint, on the faces of the homogenised ba-
sic cell. Finally, dr −=1 , where d is the scalar damage coefficient, ranging from 0 to 1 and rep-
resenting a measure of the material damage. The damaged σd and undamaged (or effective) 
stresses σ are correlated by the relation: 
( ) σDεσ )1(1 ddd −=−=   (13) 
where D is the elastic operator. 
The adopted damage model in tension, Zucchini and Lourenço (2004), is a simple scalar iso-
tropic model, with a Rankine type damage surface: 
tp σσ =  ∞≤≤ pt σσ  (14) 
where pσ  is the maximum effective principal stress and tσ  the tensile strength of the given cell 
component. In the unit, where the normal stress bxxσ  varies linearly in the x direction, the dam-
age is controlled by the maximum principal stress in the entire unit and not by the maximum 
principal stress obtained with the average value bxxσ . 
The damage can only increase monotonically with the evolution law: 
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The parameter A is related to the mode I or mode II fracture energies ( IG  and IIG ) and 
strengths ( tσ   and  sσ ) of the material respectively by 
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where E and G are the Young and shear moduli and l  is the characteristic internal length of 
fracture usually adopted to obtain mesh independent results, which is assumed here to be the 
material dimension in the direction of the load.    
The adopted model in compression, Zucchini and Lourenço (2006), is a Drucker-Prager 
model according to the classical formulation: 
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and fφ is the friction angle and c is the cohesion. The friction angle was assumed independent 
from the plastic deformation, while a bi-parabolic law in the strain hardening equivalent plastic 
strain eqp,ε  is adopted for the material yield stress. The curve )( ,eqpc εσ is completely defined by 
the material strength 0cσ  (the peak stress), the peak equivalent plastic strain 0ε  and the post-
peak specific fracture energy cg : 
( ) p,eqp,eq
c
c
cc
eqp
p,eqp,eqc
c
εεεε
g
σ
σσ
εε
ε
ε
ε
εσ
σ
≤
⎪⎭
⎪⎬
⎫
⎪⎩
⎪⎨
⎧
⎥⎦
⎤⎢⎣
⎡ −−=
≤≤⎟⎟⎠
⎞
⎜⎜⎝
⎛ ++−=
0
2
0
0
0
0,
0
2
0
2
0
3
2
1
0142
3
  (20) 
3.3 Elastic results 
The model briefly described was applied to a real masonry basic cell and compared with the re-
sults of an accurate finite element analysis (FEA). In the finite element analysis and the analyti-
cal model, the properties of the components can be taken absolutely equal. 
The same elastic properties have been adopted for the bed joint, head joint and cross joint (E1 
= E2 = E3 = Em, ν = ν2 = ν3 = νm). Different stiffness ratios between mortar and unit are consid-
ered. This allows to assess the performance of the model for inelastic behaviour. In fact, non-
linear behaviour is associated with (tangent) stiffness degradation and homogenisation of non-
linear processes will result in large stiffness differences between the components. In the limit, 
the ratio between the stiffness of the different components is zero (or infinity), once a given 
components has no stiffness left.  The unit dimensions are 210 × 100 × 52 mm3 and the mortar 
thickness is 10 mm.  The material properties of the unit are kept constant, whereas the properties 
of the mortar are varied.  For the unit, the Young's modulus Eb is 20 GPa and the Poisson's ratio νb is 0.15.  For the mortar, the Young's modulus is varied to yield a ratio Eb / Em ranging from 1 
to 1000.  The Poisson's ratio νm is kept constant to 0.15.   
The adopted range of Eb / Em is very large (up to 1000), if only linear elastic behaviour of 
mortar is considered. However, those high values are indeed encountered if inelastic behaviour 
is included. In such case, Eb and Em should be understood as linearised tangent Young’s moduli, 
representing a measure of the degradation of the (tangent / secant) stiffness matrices utilised in 
the numerical procedures adopted to solve the non-linear problem. Note that the ratio Eb / Em 
tends to infinity when softening of the mortar is complete and only the unit remains structurally 
active.   
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The elastic properties of the homogenised material, calculated by means of the proposed mi-
cro-mechanical model, are compared in Fig. 6a with the values obtained by FE analysis. The 
agreement is very good in the entire range 1≤ Eb / Em ≤1000, with a maximum error ≤ 6%. 
A comparison between the results obtained with the micro-mechanical model and the experi-
mental results of Page (1981,1983) are given in Fig. 6b. Very good agreement is found in the 
shape of the yield surface, indicating that the proposed model can be used as a possible macro-
model to represent the composite failure of masonry. 
 
1 10 100 1000
E(unit) / E(mortar)
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
E(
eq
uiv
.) /
 E
(un
it) Ex  (Model)
Ey  (Model)
Ez  (Model)
Ex  (FEA)
Ey  (FEA)
Ez  (FEA)
    
−30 −20 −10 0 10
σ1/σtm
−30
−20
−10
0
10
σ
2/σ
tm
Experimental data
Micromechanical model
 
(a)                                                                                   (b) 
Figure 6 : Elastic results for the micro-mechanical model: (a) comparison of Young’s moduli with FEA 
results for different stiffness ratios; (b) comparison with experimental results of Page (1981,1983). 
3.4 Non-linear results 
The algorithm was implemented in a numerical program for the simulation of a masonry cell 
under normal stresses. In order to check its performance, the algorithm has been tested in the 
fracture problem of an infinitely long wall under tensile loading parallel to the bed joint (Fig. 
7a), which has been analysed by Lourenco et al. (1999) with a sophisticated finite element inter-
face model based on multisurface plasticity. This model consists of two half units in the vertical 
direction and of two and a half units in the horizontal direction. In the middle of the specimen a 
potential crack/slip line through head and bed joints is included. The unit dimensions are 900 × 
600 ×100 mm3. With the new model, only the central basic cell in the wall is represented, but 
such approach does not introduce any qualitative difference with the original problem, because 
the relation between tensile stress and crack opening is independent from the specimen length.  
    
2250
σ
600
Potencial crack/slip lineUnit
         
             (a)                                                                                   (b) 
Figure 7 : Inelastic response of the model in tension: (a) infinitely long  masonry wall under tensile     
loading parallel to the bed joints; (b) stress/crack opening diagram and comparison                                
with FEM results of Lourenco et al. (1999). 
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The results of the proposed coupled damage-homogenisation model are shown in Fig. 7b, 
where they are compared with the FE analysis of Lourenco et al. (1999) in the case with zero di-
latancy angle. The damage model reproduces with good agreement the FE analysis of the cell 
degradation and the two peaks of the failure load. The head joint is the first to fail in tension and 
the bed joint takes its place in the load carrying mechanism of the cell. The load is transferred 
through bed joint shear from unit to the other, with the cell showing regained elastic behaviour 
for increasing loads, until final failure of the bed joint in shear. The residual load carrying ca-
pacity is zero because there is no vertical compression, and therefore no friction effect. 
The homogenisation model was also tested in the simulation up to failure of a basic masonry 
cell under axial compressive loading perpendicular to the bed joint. For this problem numerical 
results are available from the accurate FE calculations of Pina-Henriques and Lourenço (2003) 
in the case of a masonry cell with solid soft-mud bricks of dimensions 250×120×55 mm3 and 
mortar joint thickness of 10 mm. These FE analyses, aimed at the simulation of the deformation 
controlled tests of Binda et al. (1988), have been carried out with very detailed meshes either in 
plane stress, plane strain and enhanced plane strain with constant but non-zero normal strains in 
the out-of-plane direction, being the latter considered the closest possible plane representation 
of the three-dimensional behaviour. The non-linear behaviour of the cell components has been 
simulated by means of Drucker-Prager plasticity in compression and Rankine model or cracking 
in tension. Three different types of mortar were taken into consideration, namely weak and 
strong mortars. 
The material data used by the homogenisation model are the same as in Pina-Henriques and 
Lourenço (2003). The axial stress vs. axial strain curves for one of the analysis (stronger mortar 
prism) is shown in Fig. 8. The curves obtained with the homogenisation model almost coincide 
with the corresponding FE results in enhanced plane strain, with marginal computational effort 
and no convergence difficulties. For weak mortars the plastic flow of the mortar joints starts 
very early in the loading path, while the brick non-linear behaviour begins a little later. The 
brick is in a tension-compression-tension state, while the mortar is in a tri-axial compression 
state for the lateral containment effect of the stiffer brick. The head joint suffers some negligible 
damage in tension just before the complete failure of the brick in tension, which leads to the 
catastrophic failure of the entire cell. For strong mortars the plastic flow starts earlier in the 
brick than in the bed joint, due to the higher strength of the mortar. The inversion of the elastic 
mismatch between mortar and brick in this case (the mortar is much stiffer than the brick) yields 
in this case a tension-tension-compression state of the bed joint. A substantial (57%) isotropic 
damage in tension is reached in the bed joint, but the failure of the masonry cell is driven again 
by the crushing of the brick. The damage of the mortar in the bed is due to the high tension in 
the x and z direction. 
 
 
Figure 8 : Axial stress vs. axial strain for stronger mortar (prism MU3). Comparison between finite ele-
ment simulation (Pina-Henriques and Lourenço, 2003) and non-linear homogenisation model. 
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4 A STRESS FIELD EXPANSION APPROACH 
Fig. 9 presents a masonry wall Ω  constituted by a periodic arrangement of bricks and mortar 
disposed in running bond texture, together with a rectangular periodic R.V.E. As shown in a 
classical paper by Suquet (1983), homogenization techniques combined with limit analysis can 
be applied for an estimation of the homogenized strength domain homS  of masonry. 
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Figure 9 : Periodic structure ( 21 XX −  macroscopic frame of reference) and R.V.E.                           
( 321 yyy −−  local frame of reference). 
 
In this framework, bricks and mortar are assumed rigid-perfectly plastic materials with asso-
ciated flow rule. As the lower bound theorem of limit analysis states and under the hypotheses 
of homogenization, homS  can be derived by means of the following (non-linear) optimization 
problem: 
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Here, [ ][ ]σ  is the jump of micro-stresses across any discontinuity surface of normal intn . Condi-
tions (21a,d) are derived from periodicity, condition (21b) imposes the micro-equilibrium and 
condition (21e) represents the yield criteria for the components (brick and mortar). The aver-
aged quantity representing the macroscopic stress tensors Σ  is given by: 
dY
A Y
∫>==< σσΣ 1   (22) 
where A stands for the area of the elementary cell, σ  stand for the local stress quantity and <*> 
is the averaging operator. 
The proposed solution approach involves a simple and numerically suitable approach for 
solving the optimization problem. As shown in Fig. 10a, one-fourth of the R.V.E. is sub-divided 
into nine geometrical elementary entities (sub-domains), so that all the cell is sub-divided into 
thirty-six sub-domains, as shown in Fig. 10b. The subdivision adopted is the coarser (for ¼ of 
the cell) that can be obtained using rectangular geometries for every sub-domain. The macro-
scopic behaviour of masonry strongly depends on the mechanical and geometrical characteris-
tics both of units and vertical/horizontal joints. For this reason, the subdivision adopted seems to 
be also particularly attractive, giving the possibility to characterize separately every component 
inside the elementary cell. For each sub-domain, polynomial distributions of degree m are a pri-
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ori assumed for the stress components. Since stresses are polynomial expressions, the generic ijth 
component can be written as follows:  
( ) kTijkij Yσ ∈= ySyX)(   (23) 
where: ( ) [ ]K222121211 yyyyyy=yX ; [ ]K)6()5()4()3()2()1( ijijijijijijij SSSSSS=S  is a vector of length ( N~ ) 
( ( )( )
2
211
2
3
2
~ 2 ++=++= mmmmN ) representing the unknown stress parameters; 
kY   represents the kth sub-domain. 
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Figure 10 : Adopted division in sub-domains: (a) subdivision and geometrical characteristics of one-
fourth of the elementary cell; (b) subdivision into 36 sub-domains for the entire cell. 
 
Cubic interpolation is recommended as an adequate degree for polynomial interpolation of 
the stress field. Details on equilibrium and anti-periodicity conditions, and validation of the ap-
proach are shown in Milani et al. (2006a,b). Extension of the formulation to out-of-plane behav-
iour is given in Milani et al. (2006c). 
Again, the biaxial tests of Page (1981, 1983) are used for comparison. The panels were 
loaded proportionally in the principal stress directions   hΣ  and vΣ  along different orientations ϑ  with respect to the material axes. Both for mortar joints and units, a Mohr-Coulomb failure 
criterion in plane stress is adopted. It has to be emphasized that the experimental results provide 
only the mean compressive strength of mortar and bricks, insufficient for a full parametric iden-
tification of the model in plane stress. Furthermore, it should be underlined that the model at 
hand is only capable of reproducing the shape of the failure surface and not the actual strength 
in compression from the masonry components, since 3D effects are neglected and, in the 
framework of limit analysis, a ductile behavior of the bricks is assumed. For these reasons, me-
chanical characteristics of constituent materials are assumed with the aim of fitting experimental 
data. In Fig. 11 the homogenized failure surfaces for the orientation °= 0ϑ , °= 5.22ϑ  and 
°= 45ϑ  are reported in comparison with experimental data, being in close agreement. 
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Figure 11 : Homogenized failure surface for Page (1981, 1983): (a) °= 0ϑ ; (b) °= 5.22ϑ ; (c) °= 45ϑ . 
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4.1 Numerical results (in-plane) 
The homogenised failure surface obtained with the above approach has been coupled with finite 
element limit analysis and applied to several examples of technical relevance. Both upper and 
lower bound approaches have been developed, with the aim to provide a complete set of nu-
merical data for the design and/or the structural assessment of complex structures. The finite 
element lower bound analysis is based on the equilibrated triangular element by Sloan (1988), 
while the upper bound is based on a modified version of the triangular element with discontinui-
ties of the velocity field in the interfaces by Sloan and Kleeman (1995). The modification takes 
into account the actual shape of the yield surface for the homogenised material in the interfaces. 
Several numerical simulations have been carried out in Milani et al. (2006b) in order to test the 
accuracy of the results obtained using homogenised finite element limit analysis. 
Here, the clay masonry shear walls tested by Ganz and Thürlimann (1984) at ETH Zurich and 
analysed in Lourenço (1996) is reported. The geometry of the walls is depicted in Fig. 12a. The 
dimension of the bricks is assumed to be 300×200×150 mm3, whereas the thickness of joints is 
supposed infinitesimal. Vertical flanges have the width of a single unit and a distributed vertical 
load P = 415 kN is applied on the rigid RC beam on the top. Both for mortar joints and units, a 
Mohr-Coulomb failure criterion in plane stress is adopted. Experimental evidences show a very 
ductile response, see Fig. 12b, so justifying the use of limit analysis for predicting the collapse 
load, with tensile and shear failure along diagonal stepped cracks. 
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                                  (a)                                                                                           (b)  
Figure 12 : ETH Zurich shear wall: (a) geometry and loads (L= 3300 mm; t=150 mm; s=160 mm 
Lf=300 mm); (b) failure pattern. 
 
In Fig. 13a,b the principal stress distribution at collapse from the lower bound analysis and 
the velocities at collapse from the upper bound analysis are reported. Good agreement is found 
among the model here proposed, the incremental elastic-plastic analysis reported in Lourenço 
(1996) and experimental data. Finally, in Fig. 13c a comparison between the numerical failure 
loads provided respectively by the lower and upper bound approaches and the experimental 
load-displacement diagram is reported. Collapse loads P(–) = 210 kN and P(+) = 245kN are 
numerically found using a model with 288 triangular elements, whereas the experimental failure 
shear load is approximately P = 250 kN. 
4.2 Numerical results (out-of-plane) 
Milani et al. (1996c) further extended and validated the formulation of the previous section to 
out-of-plane loading. The elementary cell is subdivided along the thickness in several layers. 
For each layer, fully equilibrated stress fields are assumed, adopting polynomial expressions for 
the stress tensor components in a finite number of sub-domains, imposing the continuity of the 
stress vector on the interfaces and defining anti-periodicity conditions on the boundary surface. 
Furthermore, admissibility constraints are imposed for the constituent materials enforcing the 
satisfaction of the yield conditions for joints and bricks on a regular grid of points. The out-of-
plane failure surfaces of masonry obtained are implemented in FE limit analysis codes (both up-
per and lower bound) for structural analyses at collapse of entire panels. 
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Figure 13 : Results from masonry shear wall:. (a) Principal stress distribution at collapse from the lower 
bound analysis; (b) Velocities at collapse from the upper bound analysis; (c) Comparison                           
between experimental load-displacement diagram and the homogenised limit analysis                            
(lower bound and upper bound approaches). 
 
The ability of the homogenization procedure proposed to reproduce the strength of different 
masonry walls subjected to out-of-plane loads is tested for different orientations ϑ  of the bend-
ing moment with respect to the bed joint direction is assessed next. A complete set of experi-
mental strength data for specimens subjected to out-of-plane loading is given by Gazzola et al. 
(1985) and Gazzola and Drysdale (1986), who tested 25 wallettes of hollow concrete block ma-
sonry, with different dimensions and with the bed joints making a variable angle   with the di-
rection of loading, in four-point bending. 
In order to compare experimental data with the proposed model, mechanical properties of 
mortar and bricks are taken in order to reproduce exactly the experimental value of ftf  reported 
by Gazzola and Drysdale (1986) for °= 90ϑ . A comparison between experimental values and 
results from the numerical model for different orientation of the ϑ  angle is given in Fig. 14, 
which shows the average and standard deviation of the tests for each orientation of loading. 
The proposed homogenized model is also employed in order to reproduce experimental data 
for entire masonry panels out-of-plane loaded. As the current model assumes fully plastic be-
haviour, simple equilibrium equations, see Lourenço (2000), indicate that the experimental val-
ues of flexural tensile strength must be divided by three. The panels analyzed here consist of 
solid clay brick masonry. The tests were carried out by Chong et al. (1994) and Southcombe et 
al. (1995) and are denoted by SB. Four different configurations are tested, built in stretcher 
bond between two stiff abutments with the vertical edges simply supported (allowance for in-
plane displacements was provided) and the top edge free. A completely restrained support was 
provided at the base because of practical difficulties in providing a simple support. The panels 
were loaded by air-bags until failure with increasing out-of-plane uniform pressure p.  
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Figure 14 : Comparison between experimental results by Gazzola and Drysdale (1986), plasticity model 
by Lourenço (2000) and proposed model for the evaluation of flexural strength at different values of  ϑ  
angle. 
 
Fig. 15 shows typical comparisons between experimental pressure-displacement curves by 
Chong et al. (1995), numerical pressure-displacement curves obtained by means of an 
orthotropic elasto-plastic macro-model (Lourenço, 2000) and the new results with the proposed 
formulation. In addition, Fig. 16 shows typical results of the numerical analysis in terms of fi-
nite element mesh, principal moment distribution at failure, failure mechanisms and yield line 
pattern. The agreement with experimental results is worth noting in all cases analysed. 
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Figure 15 : Comparison between experimental and numerical results obtained, University of Plymouth 
experimental tests.. 
4.3 Numerical results (combined loading) 
Finally, some real scale applications of the model to different buildings are shown in Fig. 17, 
demonstrating the possibility of using the proposed tools for the safety evaluation and strength-
ening of case studies efficiently. In particular, for the small building and by considering rather 
different material properties it is possible to find alternative collapse mechanisms that involve: 
(a) a combination of shear failure of transverse walls and overturning of façade; (b) a pure fa-
çade failure in out-of-plane bending with a vertical yield line at the centre of the wall and keep-
ing the edges restrained; (c) global sliding at the base of the building. For the large building, a 
complex collapse mechanism involving piers and walls has been found. 
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Figure 16 : Typical numerical results (Panel SB02): (a) homogenised finite element limit analysis mesh; 
(b) lower bound results (principal moments at collapse); (c,d) upper bound results                                    
(deformed mesh at collapse and yield line pattern) 
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Figure 17 : Collapse mechanisms of buildings subjected to combined loading (vertical loading and seis-
mic loading): (a) De Benedictis et al. (1991) house, including a sensitivity analysis leading to a                      
set of possible failure modes; (b) Varano School, Ferrara, Italy. 
 
 
 
 
 
74  Structural Analysis of Historical Constructions 
 
5 CONCLUSIONS 
Homogenisation techniques represent a popular and active field in masonry research. Several 
approaches have been recently introduced by different authors. Even if it impossible to predict 
the future of masonry research, this paper addresses two different approaches. The first ap-
proach is based on micromechanical deformation mechanisms coupled with standard finite ele-
ment analysis. The second approach is based on a polynomial expansion of the stress field cou-
pled with limit finite elements analysis. It is noted that both approaches, include a subdivision of 
the elementary cell in a high number of different sub-domains. In fact, very simplified division 
of the elementary cell, such as layered approaches, seems inadequate for the non-linear range. 
Homogenised techniques based structural analysis is probably at a stage when it can start to 
compete with other structural analysis tools. In the case of limit finite element analysis, it seems 
that failure mechanisms and collapse loads similar to more complex approaches based on non-
linear incremental and iterative finite element simulations. Such results are obtained at a very 
small fraction of the effort when compared to the non-linear simulations. Nevertheless, signifi-
cant caution is always recommended when trying to reproduce existing damage patterns or de-
fine the safety level of existing masonry buildings using advanced non-linear simulations. 
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